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MacMahon conjectured the form of the generating function for symmetrical 
plane partitions, and as a special case deduced the following theorem. The set of 
partitions of a number n whose part magnitude and number of parts are both no 
greater than m is equinumerous with the set of symmetrical plane partitions of 2n 
whose part magnitude does not exceed 2 and whose largest axis does not exceed m. 
This theorem, together with a companion theorem for the symmetrical plane 
partitions of odd numbers. are proved by establishing l-l correspondences between 
the sets of partitions. 
MacMahon [5, Arts. 523-5261 conjectured that the generating function 
for symmetrical plane partitions whose part magnitude does not exceed T, 
and whose largest axis does not exceed m is 
ml 1 -qrfZi-’ ml 1-q Z(r+itj-1) n 1-1 i-l I-~*‘-* j;i+, ~-~z(i+j-l) . 
This has been proved recently by Andrews [l] and Macdonald (41. 
MacMahon noticed that in the special case of r = 2 the generating function 
takes the simple form 
b?*, 42)2m (q2, q2)2m 
(q2, 92M421 A' + q b?Y q2hnt ,(q21 q2hr-1 ' 
where 
(X,q)n= (1 -x)(1 -xq)(l -xqy a** (1 -xq”-‘), 
in which the first term enumerates the symmetrical plane partitions of even 
numbers and the second those of odd numbers. 
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Even Case 
The expression 
is the generating function for partitions whose part magnitude and number of 
parts do not exceed m, hence MacMahon’s theorem. 
The number of partitions of n whose part magnitude and number of parts 
do not exceed m is equal to the number of symmetrical plane partitions of 2n 
whose part magnitude does not exceed 2 and whose largest axis does not 
exceed m. 
The correspondence is composed from three correspondences. A 
symmetrical plane partition may be divided into “layers,” where each layer 
is a self-conjugate partition. The lengths of the hooks of a self-conjugate 
partition are distinct odd numbers and a symmetrical plane partition whose 
parts are no greater than p is in correspondence with a column strict tableau 
with no more than p columns tilled with odd numbers. The ith layer becomes 
the ith column of the tableau. In particular, when p = 2 the symmetrical 
partitions of 2n correspond to a tableau having two columns of length k + r 
and k - r in which k + r is the number of hooks in the first layer, and k - r 
is the number of hooks in the second. 
The generating function for such a tableau in which the odd elements are 
less than or equal to 2m - 1 is 
ak+rak-r-ak+r+lak-r-l’ where 
(q2, s’>m 
ak = qk2 (q2, q2)k(q2, q2)m-k * 
The second correspondence is associated with the obvious identity 
akak=(akak-ak+lak-I) t (ak+l%-ak+2ak-2) t “’ t (a2kq). 
The correspondence is based upon a rearrangement due to Chaundy [2] and 
Gordon and Houten 131, and is between a pair of partitions into distinct 
parts of size k and a column strict tableau of shape (2k-r12r) filled with the 
same parts. Suppose the pair of partitions into distinct parts are 
r, > r2 > r3 ... > rk and s, > s, > . . . > sk. The two partitions are compared 
and the last “fault” is found. The last fault is the number m such that 
s, > r,,, but si < ri for i > m. 
If there is no fault then the pair form a column strict tableau with 
r, , r2 ,.... rk as its first column, and s,, s, ,..., sk as its second. If there is a fault 
then the pair is rearranged to form two partitions into distinct parts of sizes 
k+ 1 andk-1,namelys,s2~~~s,r,r,+, . ..~~andr.r,...r,~,s,.+,...s,, 
in which the last fault is r,,- , > rm in the m - lth position in the second 
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column. If m = 1 then there is no fault, and the generating function for 
column strict tableaux of shape {2k} is akak - ok+ ,ak-, . If the same 
transformation is carried out on the new pair of partitions until there is no 
fault, eventually a column strict tableau with columns of sizes k + r and 
k - r will be obtained, where 0 < r < k. 
To reverse the correspondence shift the second column of the tableau 
down two places, find the last fault and reverse the transformation. If there is 
no fault then m = 1 above and the transformation is made from 
(s,s2s3 . ..) r, rz...) to (s2s3 . ..) s1r1... ). This is repeated until both partitions 
contain k parts. The third correspondence combines the two partitions into 
distinct odd parts, as follows. 
Suppose the result of transforming a column strict tableau is the pair 
(2x, + 1, 2x, + l,... 2x, + 1) and (2y, + 1, 2y, + l,... 2y, + 1) whose sum is 
2n. Then such a pair is in correspondence with the partition of n which may 
be expressed as 
($I”,: ::;) 
in Frobenius’ notation, where x, < m - 1 and y, < m - 1. This partition is 
one whose part magnitude and number of parts are both limited not to 
exceed m. The transformation may be reversed by doubling each node of the 
Ferrers graph of a partition, then splitting it along its principal diagonal to 
form two partitions into distinct odd parts of size k, then transforming this 
pair to a column strict plane partition with two columns of sizes k + r and 
k - r and then to a symmetrical plane partition. The correspondence has the 
property that the number k, which is the number of hooks of the resulting 
partition of n, is half the sum k + r + k - r of the number of hooks in the 
first level and the hooks in the second level of the symmetrical plane par- 
tition. 
Odd Case 
The companion theorem states that the symmetrical plane partitions of an 
odd number 2n + 1 in which the part magnitude does not exceed 2 and in 
which there are no more than m parts in the direction of either axis are 
equinumerous with the line partitions of n which are limited as to part 
magnitude by m - 1 and as to number of parts by m + 1. 
In this case there is a similar correspondence associated with the identity 
a k+lak= (a k+lak-ak+2ak-J + @k+2ak-1 -ak+3ak-2) + ... + @2k+1%h 
which is between a pair of partitions into distinct odd parts of sizes k and 
k + 1 and a column strict tableau of shape ( 2k-‘1 2rf’} filled with the same 
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FIG. 1. Examples of the even and odd correspondences. 
parts. Suppose that (2y, + 1 . . + 2y,+, + 1, 2x, + 1 ... 2x, + 1) is such a pair 
whose sum is 2n + 1. This pair is in correspondence with partitions of n 
produced by adding a largest part X, to the partition 
which is a partition of n whose largest part is no greater than m - 1. and 
whose number of parts is no greater than m + 1. 
This transformation may be reversed by doubling the nodes of the Ferrers 
graph of a partition whose number of parts and largest part do not exceed 
m + 1 and m - 1, splitting the nodes along the diagonal below the principal 
diagonal, and by adding 1 to the largest doubled part, producing two 
partitions into distinct odd parts of sizes k k + 1 whose sum is 2n + 1. 
Examples of the two correspondences are shown in Fig. 1. 
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